We present a fully relativistic full-potential linear-combination-of-atomic-orbitals method for solids based on the density-functional theory within the local-density approximation. We solve the Dirac-Kohn-Sham equations directly, handling not only the indirect relativistic effect but also the effect due to the spin-orbit coupling self-consistently. We apply the present method to Au and InSb and compare the results with those of experimental and other theoretical studies. Consequently, we show that the agreement is good and the present method is capable of obtaining reliable results in studying the structural and electronic properties of solids.
particular, this choice can be achieved automatically if we use the numerical-type orbitals (NTOs) constructed by solving the Dirac-Kohn-Sham equations for atoms. This approach has been used successfully in the fully relativistic LCAO method for molecules. 30) No attempts have, however, been made so far to develop a fully relativistic LCAO method for solids with the third approach.
A remarkable advantage of the use of the NTOs in the third approach in a fully relativistic LCAO method is that the basis functions have positive energies and thus have desirable features to avoid the variational collapse as already mentioned in the above. Furthermore, the basis functions transform smoothly to those in the nonrelativistic limit if we increase the speed of light gradually in a hypothetical way. This is also an important feature to avoid the variational collapse. 29) In spite of these advantages of the NTOs, the LCAO methods with this type of basis functions had been suffered from the difficulty in performing full-potential calculations not only for solids but also for molecules until several useful techniques were developed. [31] [32] [33] [34] [35] [36] [37] [38] One important technique is the atomic partitioning method, 32-35, 37, 38) which enables us to calculate the three-dimensional numerical integration efficiently. Another important technique is the method of solving the Poisson equation accurately, 36, 38) which is indispensable for performing full-potential calculations. The development of these techniques has opened the way to study the structural and electronic properties of molecules with the NTOs. Recently, we have extended these techniques to the density-functional calculations of solids within the nonrelativistic formulation and have shown they are also useful for studying the structural and electronic properties of solids. 39) The purpose of the present study is to present a fully relativistic full-potential LCAO method for solids by extending our previous nonrelativistic full-potential LCAO method for solids. We show that the present method is useful for studying the structural and electronic properties of solids with heavy elements by applying the method to Au and InSb. In §2, we describe the method. We next give the results of the application to Au and InSb in §3. Finally, we give conclusions in §4. §2. Method
The fully relativistic density-functional calculations of a solid are performed by solving the DiracKohn-Sham equations in a self-consistent way: [40] [41] [42] [43] [44] [
and
In the Dirac operator in the left-hand side of eq. (1), c and m denote the speed of light and the rest mass of an electron, respectively, and the rest energy of an electron, mc 2 , is subtracted. Also, α and β are the Dirac matrices in the usual representation. 45) In the Dirac-Kohn-Sham equations, the one-electron wave function, ψ k n (r), is a four-component spinor and has two quantum numbers, the band index n and the wave vector k. The sum of k is performed over the Brillouin zone; the total number of k, represented by N , is equal to the total number of the unit cells in the whole solid, provided that the periodic boundary condition is used. In eq. (1), V es (r) is the electrostatic potential due to the nucleus charge density, ρ n (r), and the electron charge density, ρ e (r). Also, V xc (r) is the spin-averaged exchange-correlation potential and B xc (r) is the exchange-correlation magnetic field due to the spin magnetization density, m e (r), which is calculated by using Σ = I 2 ⊗ σ where I 2 is the 2×2 unit matrix and σ are the usual 2×2 Pauli spin matrices. In the present study, we have used V xc (r) and B xc (r) given by von Barth and Hedin. 46) The electron charge density ρ e (r) and the spin magnetization density m e (r) 15, 42, [47] [48] [49] [50] are given with ψ k n (r) and the occupation number of the level nk, f k n , provided that ψ k n (r) is normalized in the unit cell. Given V es (r), V xc (r), and B xc (r), we solve eq. (1) by expanding ψ k n (r) by basis functions as follows.
Here, χ p (r) is the p-th atomic orbital which is a four-component spinor obtained numerically as a solution of the Dirac-Kohn-Sham equations for atoms. Also, d p + R u represents its position vector in the u-th unit cell. An important merit of the use of this type of atomic orbitals, the NTOs, as the basis functions in the fully relativistic LCAO methods is that we can avoid the variational collapse because the NTOs have positive energies preventing the spurious mixing of negative-energy states into ψ k n (r). Furthermore, another important merit is that we can perfectly describe the dissociated limit of the constituent atoms within the local-density approximation (LDA), allowing us to calculate cohesive energies accurately. The expansion (4) results in the following generalized eigenvalue problem:
The Hamiltonian and the overlap matrices are given by
respectively. Here, the integrals are performed over the unit cell. The three-dimensional numerical integration in eqs. (6) and (7) is carried out by using the atomic partitioning method. 35, 38) By using the solution of eq. (5), we obtain ρ e (r) and m e (r) by eqs. (2) and (3), respectively. Then,
, and B xc (r) are constructed from ρ n (r), ρ e (r), and m e (r). Subsequently, V es (r), V xc (r), and B xc (r) are used in the next iteration of the self-consistent calculations. Furthermore, we calculate the total energy as described in the previous paper 39) and also calculate the bulk modulus by fitting the total energies obtained at several lattice constants with the same equation used in ref. 24 . 51) Finally, it is worth mentioning that we have developed our code so that we can calculate both the relativistic and nonrelativistic cases by using the same code. This allows us to study the relativistic effects on the structural and electronic properties of solids on the same footing. §3.
Application to Au and InSb
We now apply the present method to the study of the structural and electronic properties of Au and InSb and compare the results of the present study with those of experimental and other theoretical studies. We used 2064 and 3096 points per atom to perform the three-dimensional numerical integration in the real space for Au and InSb, respectively. Also, we used 185 k points generated with the good-lattice-point method 52) in the full Brillouin zone for Au while 16 k points generated with the special-point method 53) also in the full Brillouin zone for InSb. Furthermore, we performed the multipolar expansion of the electrostatic potential up to 8. 39) We chose the basis functions so that they have enough variational flexibility. That is, we used not only the atomic orbitals of neutral atoms but also those of charged atoms. The atomic orbitals used for Au are 1s, 2s, 2p, 3s, 3p, 3d, 4s, 4p, 4d, 4f , 5s, 5p, 5d, and 6s atomic orbitals of neutral Au atoms and 5d and 6s atomic orbitals of Au 2+ atoms and 6p atomic orbitals of Au + and Au 3+
atoms. Also, the atomic orbitals used for InSb are 1s, 2s, 2p, 3s, 3p, 3d, 4s, 4p, 4d, 5s, and 5p atomic orbitals of neutral In and Sb atoms and 5s, 5p, and 5d atomic orbitals of In 2+ and Sb 2+ atoms.
We show the results of the present fully relativistic calculations on the optimized lattice constant and the bulk modulus of Au in Table I Table I . Furthermore, we note that the degeneracy occurring at some symmetrical points in the nonrelativistic results is partly lifted in the relativistic results. This is due to the spin-orbit coupling. We next show the d-band width obtained by the present fully relativistic calculations and those obtained by other theoretical studies in Table II Next, we show the results of the present fully relativistic calculations on the optimized lattice constant and the bulk modulus of InSb in Table III . Also, We show the results of experimental and other theoretical studies for comparison. Furthermore, the results of the present nonrelativistic calculations are shown. We first examine the results of the relativistic calculations. The error in the lattice constant obtained by the present study is 0.2 %. Also, the largest error in the theoretical lattice constants is 2 %. It should, however, be noted that the all-electron calculations give better results than the pseudopotential plane-wave calculations. This has been attributed to the neglect of the partial core correction in the pseudopotential calculations. 62) In general, the agreement of the theoretical lattice constants with the experimental one is good. Also, the agreement of the theoretical bulk moduli with the experimental one is good; the error in the bulk modulus obtained by the present study is 0.6 % and the largest error in the theoretical bulk moduli is 7 %. We next compare the results of the relativistic calculations with those of the nonrelativistic calculations. In contrast with the case of Au, the results of nonrelativistic calculations are not so poor; the error in the lattice constant is 1 % and the error in the bulk modulus is 10 %. This should be due to the fact that In and Sb are not so heavy that the relativistic effects do not play an important role in studying the structural properties of InSb.
We show the results of the fully relativistic band calculations in Fig. 3 We developed a fully relativistic full-potential LCAO method for solids based on the densityfunctional theory within the local-density approximation. We solved the Dirac-Kohn-Sham equations directly, handling not only the indirect relativistic effect but also the effect due to the spinorbit coupling self-consistently. Applying the present method to Au and InSb, we showed that the method is useful for studying the structural and electronic properties of solids with heavy elements.
For Au, we found that not only the fully relativistic calculations but also the scalar relativistic calculations give good results on the structural properties while the nonrelativistic calculations give poor ones. It was, however, found that it is necessary to include the spin-orbit coupling in studying the band structure. For InSb, we found that the relativistic effects do not play an important role in the structural properties while they play an important role in the band structure. 
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